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Unité de recherche INRIA Sophia Antipolis
2004, route des Lucioles, BP 93, 06902 Sophia Antipolis Cedex (France)









+,	 -/.10  ! &




uwvjxzy a=p ]vtxG{s|~} i
fk {{ZxMv p_sa v a }?^ a v}?^ a OMM$dMkG | a vM dgM { kza\i
(O==]_^ alsp || kzp |x  xz ¡v aIMa v ita6b x sa¢elp x b£kp |~}D¤¥|§¦ a v a=Gp | kzp |x ¨p x p ^ akM y©x| GpKb1aIp ^x 
 ªxGv i x  | $k« { p | b£k ¤ a\i | M {vjxM¬s a=b | i1a=i }Ivj|¬ a=­¯®¥i | s$p ^ a v aIa v ija	b x sa°±wa xM¬ pk | 
p ^ a,k y©xM| Gp£itrsijpta\b v a\i | lk ²| ³k v kzp ^ a v aµ´ }I| a\Mp£±²kr­·¶_lsp¸b1a=b xGv r v a=¹nl |~v a\b1a=Gpji£b£kr ¬ a
Ma v r  k v aM­ ]_^ a   kMb | r xz O{vjx  v kMb£i6p x  |¦ a v a\Mp | kpta | G x a=iwb£kGr | a { a=kMGp } k ~} l  kzp |x iI°
pºr {s|~} k  r |  { k v k  a nxnxM{ iI­ ]_^ a=1±a {vtxG{¡x ita²p x k {{s r»k v aIa v ija² |§¦ a v a=Gp | kp |x $¼ ¬ r | pta v kzp |x ½­
]_^| iWsa\b£ki¨b»l }?^¾ a=ii¨b1a=b xMv r¾ijp xMv kzMa­ ]_^s| iWb1aIp ^sx i | i¥l¡ita\  ªxGv p ^ a }µx b { lsp | s xz  p ^ a
kM y©x| Gp_itpkzpta¿kM( v k | a=Gp v a  kpta=(p x p ^ a»« { p | b£k ¤ a=i | M {vjxM¬s a=bQ­
ÀFÁGÂ9ÃÄÆÅZÇ klsp x b£kzp |}  |¦ a v a\Mp | kp |x ° xM{ p | b1k  i ^ k { aa=i | G° }Ix b { lspkzp |x k ¡È l | osrskb»É
|~} i=°sÊk | a v É©Ënp xMÌ a=i=° }Ix b {v a=ii |~¬s a È¡x ±W°k y©xM| Gp=°s v k | a=Gp
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ÁB Ê x li_ha }=vt|  x i  lsp || ikzp |x Fsa  k ¤|¦ ha v a=Gp | kzp |x 	¢lsp x b1kp | ¹nlsaWa=Fb x sa | Ga v ija°
{Zx l vv ha\i x l v a  a²itrsijp `a\b1awk y©x| Mp;  l {vtxG¬sL`a=b1a  « { p | b»lb ¤ a=i | G­Oab x sa | GMa v ita { a v b1aIp
  xG¬ pta\ |vq a v ha=i | l(¡l,itrsijp `a\b»a¨k y©x| MpqaÆb£k |L`a v a¨kiita  aI´ } k } a­  sa=b1a\l v a } a { a=¡kGp_p vI`a=i
}Ixlspja=lnm$a=$a=i { k } a£b ha\b x|~v aM­ÆÊ x li¨aµm {sx| p x i  a   k | p¿¹nlsa¸ x p v a {vtx  v kb£b1a |  | p | k {v ha\ita\Mpja
a x b ¬v a=lnm } k ~} l  i | ha { a=kMGpjiDa=pwa\ { k v p |} l | a v sa\i ¬Zx l }µ a=i { k v k  ha | ik ¬s a=i=­ ¤ ki } a } kMiI°
 x li {¡vtxG{¡x i x iWlsa	 |§¦ ha v a=Gp | kp |x  | Ga v ija ¼ { k vW| psha v kp |x ½Q¹nl |w}Ix i x b£b1a ¬ a\kl }Ix l { b x| i
aQb ha\b xM|v a­waIpjptaFb·haIp ^x a	a=ijp£lsp || ishaIa {Zx l v1} k ~} l  a v aµ´ } k } a\b»a\Gp1lhaIpkzp»kM y©x| Gp»a=p1l¡
 v kM | a=Gp {Zx l v² a {vjxM¬L`a\b1a¥  « { p | b£k K¤ a\i | M­
Å¡\µÃ Án   |¦ ha v a=Gp | kzp |x $kMlsp x b1kp | ¹nlsa° xG{ p | b | ikzp |x  sa  ªxMv b1a=i=°Ob·ha } k | ¹nlsa¸sa=i È l | sa=i





¢ y©x| GpKijrnijpta\b£ik v a6a=ptp | seb xGv a6k¡Wb xGv a {ZxM{ l  k v kb x s_a=s | aIa v ik¡ v a\ita\k v}?^ a v i± xGvjÌG| s
|  xM{ p | b£k  sa=i | G x  ijrsitpja=b£i_b x sa | a= ¬ r u k v p | k 9¤¥|§¦ a v a=Gp | k ;: ¹nlkzp |x i=< uw¤:> ­
]_^ aqkM y©x| Gp6a=¹nlkp |x  }µx b1a\i   vtx b p ^ a¨« { p | b£k   x Gp vtxM p ^ a xMv rÆk»aµm {v a=iija=i;p ^ a   k } p6p ^ kzp
x   r x aq |v a } p |x  xz  p ^ aeita\i | p |  | pºr xz  p ^ aeitpkzpja_k vt| k ¬ a | isa=a=sa\»p x=? ¸kWsa\i } a=GpD |~v a } p |x 
x  p ^ a	i } k  k vW}µx ijp   l } p |x k  °; | ­Qp ^ a {¡vtx l } p xz  p ^ a	itpkzpjaosa vj|  kp | a ¬ r¾p ^ a	sa vt|  kzp | a x 
p ^ a }µx ijp   l } p |x k  ­  x b { lsp | sQp ^ a }µx b {s a=pta£ita\i | p |  | pºr xz  p ^ a1ijpjkpta1 k vj| k ¬s a»± | p ^$v a=i { a } p
p x p ^ a }Ix Gp vjx ° ¬ rFp ^ a | b {|~}µ| p   l } p |x ¾p ^ a xMv a=bQ°  a\kip x i xM MaÆkib1kMGr | a=k vj| ita\,itrsijpta=b£i
kMi¥p ^ ao | b1a=i |x  x  p ^ a }µx Mp vtxM a } p xGv ­@ | p ^ p ^ aok y©xM| GpWk {¡{vtx k }?^ °9±a1aIa= x   r,p x i xM Ma
x sa | sa\k vj| ija=(p v ki {Zx ija=	ijrsitpja=bQ­
Ë |  } a |  {v k } p |} aqp ^ a uw¤:·| i | i }Iv aIp | ija=¸kMoi x a\ x ok }Ix b { lspja v °Mp ^ a v ak v aqpº± x kpjl v k 
±²krsip x¸¬ l | Fp ^ aWk y©xM| GpBA
<jc > p x a vj| Ma¥p ^ a¿k y©x| Mp uw¤: k¡(p ^ a=Qp x  | i }Iv aIp | ija | p=° xMv °
< (> p xC? Qp ^ a¿kM y©x| Gp x  p ^ a¿ | i }=v a=p | ita\(ijpjkptaWijrnijpta\bQ­
ºp | i |~Ì a  rFp ^ kpD< (>_¬ a£k | pjp  a1b xMv a }µx b {s aµm,p ^ kE<tc > ± ^ a\ | p | i¨la v pjk Ì a=Ui x a  r¼ ¬ r
^ k½¡­D¶_lsp xG{ p |x F< 	>| ieb xGv a¨a\kijr	p x  k | kzpjaG< ¬ r }Ix b { k vt| i x o± | p ^  |  | a=, |¦ a v a\ } a\i  ªxMv
aImkb {s a > k¡ {¡vtx  | sa=iWkM$aImk } p¨a=k  l¡kzp |x  x  p ^ ao v k | a\Mp=°Kk¡$p ^ a v a  ªxGv a¸k ? k ¬s aosa=i } a\Mp
 |v a } p |x (p x p ^ a xG{ p | b | ikzp |x  Ì a v sa  ­
H l v p ^ a v °  ªxGvW¬¡x p ^BxM{ p |x i=°p ^ aosaIMa xM{ b1a=Gp | $a\s | sa=a v p | b1aob1kr ¬ a¸a\ xMv b x li=­ ]_^ a=Bp ^ a
^xM{ a x  kM(kMlsp x b£kzp |~}  |¦ a v a\Mp | kp |x  |  xG{ p |x I< 	>6| i x ;{ k v kb x lGp | b {ZxMv pjkM } aM­
]Ox kr  i²¹nlsa=ijp |x  | i_itp | p x a=k  l¡kzptaWkM | b {vjx a¥p ^ a }µx  | p |x i | Q± ^s|~}?^ kM(¢lsp x b1kpta\
¤¥|¦ a v a\Mp | kp |x Qi x  pº±k v a¨k¡it±a v ip x p ^ a | iijla x  ija=i | p |  | pºr(i xz  pº±²k v aeMa=sa v kp |x ­
J k |   ropº± x b x sa\i xz  ¢elsp x b£kzp |}¨¤¥|§¦ a v a=Gp | kp |x Qk v a¥k k | k ¬s aep x ¡kr°kMb»a  r	p ^ aK9LM"NOPMQ
kM(p ^ aGMRTSR9MVUTRXWDLYQZRI­
]_^ a  ªxMv ±k v  b x sa }Ix b { lspja=iÆp ^ a {vtx l } p x  p ^ aFk }µxM¬| kM x  k {vjx  v kMb&p | b1a=i1k, | a\
 |v a } p |x ,Ma } p xMv °[\7]_^` <ba > [a­¿¢ {¡{s r | sQp ^ a  ªxMv ±k v ,b x sa  a\kip xF}µx b { lspta1p ^ a1ija=i | p |  | pºr
x  p ^ a¿ijpjkzpjaW k vj| k ¬s aM­    p ^ a }Ix Gp vjx^ ki_k¸ | b1a=i |x dc6°p ^s| ieija=¡i | p |  | pºr	b»lijp ¬ aWa= k  lkzpja=dc
p | b1a\ip x MaIpp ^ a1± ^sx a¸k }µxM¬| kM­ ]_^| i¥itpk {¡xM| Gp | i¨bÆl }?^ b xMv a»k }=} l v kzpja»kM vjxM¬ l¡itpp ^ kM
l¡i | sF |  | sa=B |¦ a v a\ } a\iI° ¬ lsp¿ x p¥a v r,aI´ }µ| a=GpI°KkM° |    k } p=°  ªxMv k v kp ^ a ve k v a£nlb ¬ a v c6°
 x p¿k {¡{s|~} k ¬s a1p x, k v Ma¸i } k  a£b x sa  i¿kMi¨p ^sx itaok vt| i | s |  kza vjx srskb |~} i¥± ^ a\$Ê¥k | a v ÉtËGp xGÌ a\i
b x sa  i_k v a }?^sx ita\­
]_^ a v aIMa v ita¨b x a }Ix b { lspja=i²p ^ a {vtx l } p xz  p ^ a¨p v k¡i {Zx ija=Fk }µxG¬s| kM xz  k {vtx  v kbp | b1a=i
k1 | Ma=oMa } p xMv ° ^` e <ba >f \ ­ ]_^s| i v aIpjl v i²k | sa\k v²}µx b ¬s| kp |x  xz  p ^ a | sa\i xz  p ^ a¿Mk }µxG¬s| k°sk¡
p ^ a v a  ªxGv a | p | i_p ^ a¿kpjl v k  pja }?^  | ¹nlsa¨p xo}Ix b { lspjaWp ^ a¿kM y©x| GpI­
J,xG^ kb£b£k | <Vg cihYj > b£ksaQk ?Zv itp1k {{|~} kp |x  x  p ^ a v a=a v ijaob x saQp x p ^s| i {vtxG¬s a=bQ­lk | i
ijp v kzpjaIMr v a | a=i x ¾p ^ a v aIa v ija£ |§¦ a v a=Gp | kp |x  xz  p ^ a }Ix b {s aIpjaoi | bÆl  kzp |x $i xz  pº±²k v a¸ijl | pja° | nÉ
}I l¡ |  È¡x ±kMijija=b ¬s r$k i x a v °KkM xM¬ny a } p | a   l¡ } p |x k  a= k  lkzp |x ­	¢eiÆk v a\ijl  p xz  p ^| i





b£kMMrFaImnp v k {vtxG¬s a=b£ik vt| ijaÆijl }?^ kip ^ a |  }Iv a=kMita\ }µx b { aIm | pºr xz  p ^ a1i x lsp |x Uk   xGvt| p ^ b)k¡
p ^ a(b£kMiji | Ma(lija x  itp xMv kzMa­U¶ x p ^·{vjxM¬s a=b£i1bÆlijp ¬ aFi xM Ma= ¬ r pta= |x li£k·a |} kzpta ^ k¡
b£kM |{ l  kp |x i=­
¢ x p ^ a v itp v kptaIMr | i_p x k {{s r v aIa v ijaW |¦ a v a\Mp | kp |x Qp x p ^ a¿pº± x ijb£k  a v_{ k v pi xz  p ^ aÆi x  p©É
±²k v a1p ^ kp¿kiita\b ¬s a7<tc > p ^ aoijpjkzpja£a=¹nlkzp |x iWk¡E< (> p ^ a }µx ijp   l } p |x k  ­ ºp¿kMijija=b ¬s a=i x   r
p ^ a¿k y©x| Mpitrsijpta=b v a\i | lk  °kMQp ^ a\Fp ^ a»lita v bÆlijpelijaWp ^| i v a\i | lk | ,k {s| a } a xz 6{vjx  v kb
p ^ kzpqi x a\ip ^ a¿kM y©x| Gp²ijrsitpja=bQ­
]_^s| i | i6p ^ aqitpk {Zx| Gp xz  p ^ a {v a\ita\Gp± xMvÌ ­ @Ba {vjxM{Zx ija²kWa=i }Ivj|{ p |x  x 9^x ± p ^ ae |¦ a v a\Mp
pja v b£i xz  p ^ aÆk y©xM| Gp_a\¹Gl¡kzp |x FkM xz  p ^ a   l } p |x k  sa vj| kp | a } k ¬ a xM¬ pk | sa= ¬ rFk {{s r | 
p ^ a v aIa v ijab x sa¿li | s£p ^ a
 !F¢elsp x b£kzp |}¥¤¥|§¦ a v a=Gp | kp |x Qp xnx ­
@Ba	a\b {¡^ ki | a¸p ^ kp¿p ^ a( |¦ a v a\Gp | kzp |x Bp xGxM 
 ! ± |^ a ~{ p x aIa xG{ p ^ a vtx lsp | sa=i
kMijija=b ¬s| s1p ^ a v a\i | lk xz  p ^ a¿kM y©x| Gp²ijpjkpta¿ijrsitpja=b ¬ lpq x p_p x£¬ l | Fp ^ a vtx lsp | saWi xM  | s£p ^ a
kM y©x| GpDitrsijpta\b(­ ]_^ a\ | p v a\b1k | ¡i6p x k {{s r»k,¼b£kzp vj| m   v aIa=½Wi x a v;|  xGv a v p xW| pja v kzptaep x k ? msa\
{Zx| GpI°¡b£k ÌM| s1p ^ a v a=i | lk   kM | i ^ ­
@Ba¿p ^ l¡i {vjxM{Zx ija¿k }µ kii xz  i xM lp |x Fk   xGvt| p ^ b£i_li | sokoi | b {s| ? a=UMk }µxG¬s| k­ ]_^| iqi | b {| ? a=
Mk }IxM¬s| k xz  pta\	aIm | ijpji |  | lijp vj| k  i x  pº±k v aM­ ]_^ a¨k }I} l v k } r¸k¡oaµ´ }I| a\ } r x  p ^| i_k {{vjx k }?^o| i
¬¡vt| a È r(kk  rsija=­
©·ËGa } ­  ±a | Gp vjx l } a1p ^ aoi ^ k { a xM{ p | b | ijkp |x Bb x sa D{vjxM¬s a=bQ­ ©¯Ëna } ­ (±wa {v a=ija=Gp x l v
xG{ p | b | a=b1aIp ^sx   ªxMv k {{s r | s¯p ^ a v aIMa v itaFb x aUp x p ^ a¾ |¦ a v a\Gp | kzp |x  x ¨{ k v k  a qxnxG{ iI­
Ëna } ­  }Ix  } a=Gp v kzpja=i x ,p ^ a¸k {{|~} kp |x  x  p ^s| i xM{ p | b | a\$b1aIp ^sx Up x p ^ a1kM y©x| Gp¥kMijija=b ¬s r x 
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C C C
x : execution of x in its original form
x : forward sweep of differentiated x
x : reverse sweep of differentiated x
x x : differentiated x
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ijpta { i | aWa=k  l¡kzp |x   ªxGv k y©xM| Gp=°Zk ¬ aIptpja vq}Ix Ga v Ma= } a x  k y©xM| Gp | pta v kzp |x FlsaWp x¸| sa=k vt| pºr°¡k
{Zx ii |¬s aÆk }I} a  a v kp |x  ¬ r v a=i | ¡lk  kMa v kz | sd<g§c=Pj > °kMFp ^ a {¡x iji |~¬s r ^s|  ^ a vqv a=i | l¡k   xMv b/p x
| b {¡x ita ¬ a  ªxGv a¿ijp xG{{s| s¸k y©xM| Gp | pja v kzp |x l< ^s|  ^ a v p ^ kzp  ªxGv itpkzpja > ­
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Ê x ptaWp ^ k(p ^ a¿k v p | ?Z}µ| k  p | b1a¿ks kM }µ| s } k ¬ a v a {s k } a\ ¬ r	k£b£kzp vj| mGÉ   v aIa | sa=k v   J f : Ë
<L± | p ^sx lp {¡v a }µx ¡ | p |x sa vT> ­ ]_^s| i± x l   v a\ijl  p | (k»i |  ^ p  r  k v a vw}Ix b {s aµm | pºr x  a=k }?^o| pta v kzp |x 
¬ lspqk   kijpta v_}Ix Ga v Ma= } a­
© x l v ijpjl¡sr°±a }µx i | sa v²xM{ p |x l< ¬> ­ ºp | i | ¡saIa\(Ma v rokzpl v k  p x i x a¥p ^ a¿kM y©x| Gp_itpkzpta
± | p ^ p ^ a ^ a ~{ xz  p ^ a	p v ki {¡x ita x  p ^ a ?Zv ijp©É xMv sa v k }µxM¬| kM  | Mp vtx l } a= | ³ËGa } ­  ­  ki¿k{¡v a }µx ¡ | p |x sa v A
 
<   > e   @  ] I I ) <  *)_>
<   > e <       %     > ] % <     > e    ; I I ) <  -)_>f
<  >
]_^| iFk   xGvt| p ^ b k {{s| a\iQk ¤ a   a } p  xGvjv a } p |x  < Á	 >£| pja v kzp |x  p x k³ija }Ix nÉ xMv sa v k }=} l v kzpja
k {{vjx m | b£kzp |x  xz  k ?Zv ijp©É xMv sa vHZvj| a\ vj|}?^ itÉ pºr { aÆijrsitpja=b {v a }Ix  | p |x a=F± | p ^ k ?Zv itp xMv sa v k { É
{¡vtx m | b1kp |x ­ ¤ a=i | a vj| kM5ka=b Ì a v <g j >²^ kMaÆaImnpja=i | a  rUijpjl | a=$p ^| i¥pºr { a x | pja v kzp |x   ªxMv
p ^ a¿ka } p |x Qk : l  a v a=¹nlkp |x i_kM {vtx Ma=	p ^ kp }µx GMa v a= } a v kpta } kM ¬ aÆb1a=i ^Q| a { a=nÉ
¡kGp_kFki_ib£k  ki  f h­©Qp ^ a¿ita\¹nlsa  °s±wa v a   a v p x k   xGvt| p ^ b <L > ki²p ^ a ¤ a  x sa­
	Á  ¡
 ka v a¿±a ^ kMa¿ x p }µx ¡i | sa v a=Fp ^ a»kM | p |x  x  p ^ a1b£kii©Éºb£kzp vj| m C  pta v bQ­ ºp
b |  ^ p ¬ aÆlija   l  p x	v aµÉ | Mp vtx l } a | p± ^ a=Fp ^ a | a=k v itrsijpta=b± | p ^   v a=a=k  i²p x	¬ aÆ | ´ } l  pep x
i x aM° ¬ lsp_±a ^ ka¨ x pqijpjl¡ | a\Qp ^s| i xM{ p |x  | Qp ^ a {v a\ita\Gp± xMvÌ ­
  41+ ).8T6-&(0 8 00T4# -/. &-1890+#
Ë ^sx ± |  ^x ± p x l¡itaWp ^ aW v k | a=Gp  ªxMvqxM{ p | b |I| s£p ^ aÆ xI= aWi ^ k { a | i x lsp x  p ^ a¿i }µxM{ a xz  p ^| i
{ k { a v ­E@Ba }µx  } a\Mp v kpta x ³p ^ a ¬ a=ijp¸±kr |  }µx b { lp | s¯p ^ a xG¬ny a } p | a   l } p |x k   v k | a=GpI­
: ´ }µ| a= } r°;itp xMv kza v a=¹nl |~v a\b1a=Gpji¿kM¯k }=} l v k } r xz  p ^ a	ijp v kzpjaIr {vjxM{Zx ija= k v aob1a=kil v a= k¡
 | i } liija=  ªxMv p ^ a¿b x sa K{vjxM¬s a=b | Gp vjx l } a= | UËGa } ­  ­
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@Ba }µx  | sa v p ^ a  ªxx ± | s OM  RU(O  	RTA
  A \ <ba > ] c % c h ; c h . c1<1< a ; c >>
]_^s| iqi ^ k { a  e 32435 e | i_lita\  ªxMvq}Ix b { lsp | s¸k1 OM  R   MR"UVU	MR²kMQp ^ a\Qi { a }µ| ? a\i }µx b { a=pta  rp ^ a xM¬sy a } p | Ma }µx ijp   l } p |x  |  }Ix Gp | nl x li²kMF | i }Iv aIpja }µx GpjaµmspI­
]_^ a  ªxMx ± | s	  	M 	 OU(O  	R | iek  i x£}µx i | sa v a\;A





]_^ a   l } p |x   *  * e i { a }µ| ? a=ip ^ a |  | p | k   x b£k | ? *  * e xz  p ^ a }µx Gp | nl x li xM{ p | b | ijkp |x  xnxM{ ­HZxMv kGr·b1a=i ^·x   *  * e °wp ^ a }µxnxGv  | kpta=i  *  * e < a * >Wx   *  * e x  l {{ a v Ma v p |~} a=i1i { a }µ|  r·p ^ aQ	 U9MR  R 	  	M	 O  U		O rRµ°6p ^ kzp | iÆp ^ a {¡xM| GpÆkpÆ± ^s|~}?^ ±ao±kMGp¿p x¾}Ix b { lspjaop ^ a	 v k | a\Mp x  p ^ a
 | i }Iv aIpja xG¬ny a } p | a   l } p |x k  ­
]_^ a ÈZx ± }µx  | p |x i_l¡sa v itplsr	k v aWsa ? sa=FkMi  ªxx ±qiBA   k v ? a   J k }?^ Gl¡b ¬ a v²| i rf Z­ Dk vt|x li	b»a\i ^ a=i¸± | p ^v a=i { a } p | Ma  r· M °¥c    °     °k? ?  a v p |} a=i¸k v aUlija= |  x l v
aIm { a vt| b1a=Gpji=­ ©$p ^ a {v a=ija=GpWitplsr$±wa¸ x  x pWk v a=ii¨p ^ a {¡x iji |¬ a¸ | ´ } l  p | a=i¿k vt| i | s   vjx b
p v l  r	l¡itp v l } pjl v a\Qb1a\i ^ a\i ¬ lsp | ijpta=kMQ±wa }µx i | sa v b»a\i ^ a=i x   É©1pºr { a­
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© xGv sa v p x¿^ a ~{ kk  rsi | i | £p ^ aita\¹Gla  °±aqsa {s|~} pp ^ aeijpjkpta_ k vj| k ¬s a  ªxMv p ^ a |  | p | k  i ^ k { aM­ ]_^ a
ÈZx ± | i²i ^sx ±qi²k }I kMiji |~} k  p v kMi x  |~}  xMII a È¡x ±ijp v l } pl v a°n± | p ^ k£il { a v i x  |}{¡xs}?Ì aIp_kzp² x=I a°
| b | pta\ x ¾ x ±qG±k v F< vj|  ^ p > i | sa ¬ rFkoi ^xn}?Ì < J k }?^,| iqp ^ a=UkMi ^s|  ^ ki¿cM­  > °p ^ a xs} kzp |x  x 
± ^|}?^(| iek vjx l	p ^ a¿k ¬ i }µ| ijik x  cM­,s°ita=a¨p ^ a J k }?^ nlb ¬ a v_}µx Mp x l v i |  H;| ¡­ h
H| Ml v ah	AËGpkzpja¿i xM lsp |x ° J k }?^ nlb ¬ a v < ± | p ^sx lsp ]   ¤ | b | pja v iI°s? ?  É  x a¥b1a=i ^>
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OaIp¥liekMijilb1aÆp ^ kzp±waÆk {{s rQk ¤ a  xnxG{ ± | p ^ kzpea=k }?^F| pta v kp |x ,k }µx b {s aIpja»i x lsp |x  x  p ^ a
?v ijp©É xMv sa v ijrsitpja=b < |  {v k } p | ija£±wa ^ ka¸ x a¸p ^s| i¿± | p ^ b£kGr k }µxM¬|D| pja v kzp |x i > ­ ]_^ a\ p ^ a
nlb ¬ a v_xz 6¤ a }W| pta v kp |x i | iq x pei x ijb£k  ki {v a= |} pta= ¬ r ¤ a\i | sa vj| kM7kea\b Ì a v <Vg Pj > ­w¶_lsp | p
pk Ì a=i  ªxMv b x ijpb1a\i ^ a\i  a\ijip ^ k zM¿¤ a  | pta v kp |x i  ªxGv  |  |  | 1p ^ a¨a=¹nlkp |x  v a=i | lk ¬ rUc 
xGv a v i x  b£kzG | pjlsaM­
© {¡v k } p |~} aM°O±a	 x  x pÆaIa=¯k }µx b {s aIpja }µx Ga v a\ } a x  p ^ a ?Zv ijp | ¡sa vÆ| sa=k v¿xnxM{ ° ¬ lsp
x   rUk   a=±pta\i¨p xF^ l v a=Bk }µxM¬| ij±wa=a { i  ªxGv k( xnx  }Ix Ga v Ma= } a xz ¤ a  |   a=iip ^ k$ M
| pta v kp |x i=­ ]_^s| iijb£k  a ¦xGv pwsa { a=¡iijp vjx s  r x £b1a=i ^ i | a ¬ lspDp ^ ae xM¬ k  i }?^ a=b1a v a=b£k | i x 
}Ix b { k v k ¬s aWaI´ }µ| a= } r(p x p ^ a1itpkzpjaÆi xM lp |x ,k   xGvt| p ^ b(­ © { k v p |} l  k v °p ^ a }µx b { k v k ¬s r  k v a v
}Ix ijp xz }Ix Éºitpkzpta v a=i | lk  aI k  lkp |x ¸k {¡{ a\k v iD x pp x»¬ ak { a\k  pºr»± ^ a= | p | iw x sa x   r£kzpwb x itp
p ^v aIa ^ l v a=Qp | b1a=i=­
Ë x b1a }Ix Gp x l v i xz  p ^ a²k y©xM| Gp;itpkzpjai x lsp |x Æk v awsa {s|} pta\ |  H;| Mi=­ k _± | p ^ pº± x  |¦ a v a\Mp
b1a\i ^7? sa=sa\iji=­q¶ x p ^U}µx b { lspjkp |x ik v a } k vjvj| a=Q± | p ^sx lp ]   ¤| b | pta v i | Up ^ a»± ^sx a }?^ k |  x 
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} k ~} l  kzp |x i=­ ]_^ a |  È la= } a xz ;| b | pja v i | iq | i } liija= | Qp ^ a¿ita\¹Gla  ­
H;| Gl v aW AD¢e y©xM| Gpqijpjkzpja°ija }Ix  }µx b {Zx a=GpI°¡b1a\ | l¡bb1a=i ^	x 6     x sa\i
H;| Gl v a 	A6¢e y©xM| Gpqijpjkzpja°¡ija }Ix  }µx b {¡x sa=GpI° ? sa¿b1a=i ^(x  ? ?   x sa\i
]_^ a»lsa v ijpjkM | s xz  p ^ a }Ix Gp | nl x l¡i_k y©xM| Gpqijrnijpta\b x u k v p | k ¤|¦ a v a\Gp | k ,: ¹Gl¡kzp |x ¡i | i
k,a |} kzptao¹nlsa\itp |x  k v a=iija=Bk ~v a\ksr ¬ rBita=a v k  kMlsp ^xMv iI°KijaIalg  j °g c  j °g§cc"j ° g§c  j ­,«¥sa } kM
v a=b£k vjÌB| saIa\°p ^ kp  ªxMv p ^ a : l  a v a=¹nlkp |x i=°p ^ a,k y©xM| Gp¸itrsijpta\b | i ?v ijp©É xMv sa v1^ r { a vj¬Zx|}
¡kzpjl v aM° | sa\k v ° ¬ lspw x nÉ }µx ¡ita v  kzp | Ma­ºp {v a=ija=GpjiD | Ma v  | s }?^ k v k } pta vt| itp |} i6kzpw |~}µ|  | pºr x  itpkzpta
 k vt| k ¬s a¨i ^sxs}?Ì i=°k }µx MMa v  | s }?^ k v k } pja vj| ijp |~} i²sa\k v ijpjkzpjaW k vj| k ¬s a¨i x  |~}¥| sa=i=­
 x  } a v  | s¨ | i }Ix Gp | nl | p | a\iI°zi |  } a²p ^ a : l  a v i xM lp |x iijkp | i   r | s¥a=Gp vjxM{ r }µx  | p |x »k v a | b»É
| pji xz   | i }Ix liOi xM lp |x i=°=p ^ a²k y©xM| GpjiOk v ak  i xq| b | p xz   | i }Ix liOk y©xM| GpOi x lsp |x iI°\± ^s|~}?^W|  |~} kzpja=i
p ^ kzp }Ix Gp | nl x l¡ib£kp }?^s| s }µx l  Fi x a¥p ^ a¿k {{ k v a\Mp_kMb ¬s| Ml | pºr xz 6}?^ k v k } pta vt| ijp |~} i | Ma v a\ } aM­
¢iwk v a=il  pI°nk v kzp ^ a v ib xnx p ^¸¬ a ^ k |xMvD| i xM¬ ija v a\ x £p ^ ak y©x| Mp |  { k } aq± ^ a v aep ^ a¥itpkzpta
i ^sx ±qi²k£itp vtx s¸i ^xn}?Ì ­
«¥¿p ^ a }µx Gp v k v r° |v a } p©Éºitpkzpjawi x  |~}D| a=ipjl v ¿p x¥{¡vtx l } a x ¿p ^ akM y©x| GpOk ÌM|  xz ¡| a=k v i ^sxs}?Ì ­
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]_^| i_ijp v kzpjaIr xz  aImk } p_kMk  rnp |~}  |§¦ a v a=Gp | kzp |x  } k ¬ aWk | kpta= ¬ r }Ix b { k vj| i x o± | p ^  |  | sa\
 |§¦ a v a= } a=i=­D@$a¸a\b {¡^ ki | a£p ^ kp | i¿ x p {¡x iji |¬ a£± ^ a\Bl¡i | sFp ^ a¸ |~v a } p¿ | i }Iv aIp | kzp |x  xz  p ^ a
kM y©x| Gp u¤: a\¹nlkzp |x iI­
@Ba£aµm { a } p¨¢ ¤ É ¬ kija=U v kM | a=Gpjip xF¬ a£kzp  a=kijp¨ki¥k }I} l v kzpta1kip ^sx ita {vjx  | sa\ ¬ rU |  | sa\





@Ba {¡v a\ita\Mp |  H;| Z­B?(k }µx b { k vj| i x  ¬ aIpº±aIa\Up ^ a» v kM | a\Gpq k  lsa=i xM¬ pk | sa=U± | p ^ p ^ a {v aµÉ
ija=Gpja=,k¡k  rGp |} kM y©x| Gpeb1aIp ^sx UkFp ^ aÆ k  lsa\i xM¬ pjk | sa\ ¬ rFk {¡{s r | s	 |  | a=, |¦ a v a\ } a\i x 








0 0.5 1 1.5 2
Divided differences
Automatic differentiation
H;| Ml v a ? A   v kM | a=Gp x  p ^ a xM¬sy a } p | Ma   l } p |x ¡k  ki¥k   l } p |x  xz  p ^ a ^sxMvj|=x Gpjk K| sa { a\kGp
 k vt| k ¬s a­ ]_^ a }µx Mp | nl x li | sa | i }µx b { lspta\o± | p ^ p ^ a {vjxM{Zx ija=¸aImsk } pk y©xM| Gp²b»a=p ^sx ­ ]_^ a»c=
}=vtx ijija=i6k v a xG¬ pjk | a=   vjx bk {{s r | ¿ijl } a=ii | a  r1 |  | sa\¸ |§¦ a v a= } a=ip x p ^ a¿c=¿l Ì  x ±qi xz  p ^ a
xG¬ny a } p | a   l } p |x k  ­k } l  kzp |x ¡ik v a } k vvt| a= x lsp  ªxGv k1b1a\i ^(xz   M  x sa\i
¢  p ^sx ls ^ p ^ a»b1a=i ^F| ik }µx k v ita x sa x     x sa\iI° x aÆbÆlijp { kr(kzpjpta\Mp |x ,p x p ^ a»aI k  lk É
p |x  x  p ^ a£nlb1a vj|} k   v k | a\MpiI­ u a v pl vj¬ kzp |x ¡ieki¥ib1k  kMiÆc  !  k v a»k {{s| a\Up x p ^ a }Ix Gp vjx}Ix b {Zx sa\MpiI°Gp ^ a¥ijpjkptaea\¹nlkzp |x  | ii x a=£p x b£k }?^s| a  a vtx <tc  ! >$> °skM	ija }Ix nÉ xMv sa v  |  | sa\ |§¦ a v a= } a=iwk v aek {{| a=­ ]_^s| i x a\iw x p {vjx l } aep ^ a ¬ a=ijpwk }=} l v k } r  ªxGv k Z}Ix b {Zx sa\MpiI° ¬ lsp  ªxMv
kMGr xz  p ^ a=ija }µx b {Zx sa\Gpji=° v a\ita\k v}?^s| 	k$ksa\¹Gl¡kzpta }?^sxM|} a xz  p ^ a { a v pjl v¬ kp |x ¾i | a  a\ki¥p x
kp  a\kijp£ |  | pji | sa=Gp |} k  p x p ^ a¿¢¿­ ¤ ­ v a=il  pji=­ ]_^ a }µx ijp xz  il }?^ k(aI k  lkp |x  | i_bÆl }?^	 k v a v
p ^ k  cBp | b1a=i²p ^ a¿i xM lp |x  xz  p ^ a¿ijpjkptaWitrsijpta\b  ªxMv c { k v kb1a=pta v i=­
OaIpDli v a=b£k vÌ p ^ kzp6k¨bÆl }?^ b xMv ak }I} l v kptak | kp |x  } k1k  i x¥¬ a { a v© ªxGv b1a\ ¬ r¿a\sa v kzp | 
k  ªxGv ±²k v 	b x sa¿ija=i | p |  | pºr	k¡k  rni | iw± | p ^ 
 !9­
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Ë |  } ap ^ aqk y©x| Mp;k {¡{vtx k }?^¿} k ¬ a ¬ l | p6k  i x¥| 1k }µx Mp | nl x li < | ­ aM­; x  | i }Iv aIp | a\ >}µx GpjaµmspI°
| p | i v a=ki x ¡k ¬s a¨p xo| Ga=ijp | Mkpta¨p ^ a }µx MMa v a\ } a xz  p ^ aÆ | i }=v a=ptaW v k | a\Mp_p x k }µx Gp | Gl x li x sa­
]_^| i¨ijpjlsr | i¥i Ì aIp }?^ a= |  H;| ¡­ ­=@$a xG¬ ita v Ma¿p ^ kzp¨b x itp¨ija=i | p | Ma { k v kMb1aIpta v i }µxGvjv a=i {¡x Fp x

















H;| Ml v a  A  x Ga v a\ } a²p x p ^ a }Ix Gp | nl x li | b | p  ªxMv p ^ a¥ v k | a\MpBAO | i }Iv aIpta v k | a=Gpi   vjx b  ªx l v
b1a\i ^ a\i xz   M °9c    °     °GkMQ??   x sa=i_k v a {v a=ija=Gpta\
]_^ aok ¬¡x Ma v a=il  pji¨± ^ a v a xG¬ pjk | sa\¾± | p ^x lsp¿li | sFp ^ a ]   ¤/| b | pja v i | Bp ^ a  H;¤Ì a v sa  ­
@Ba }Ix b {s aIpta x l v aImkb | ¡kzp |x  x  p ^ aq v kM | a\Gp ¬ r1k¿ijpjlsr xz  p ^ a | b { k } p xz  li | s | b | pta v i=­@$a
v a=ijp vj|~} p x l vqx lp { lspiqp xox sa»b»a\i ^ °¡± | p ^ c     x sa\iI­q¢²pep ^s| i  aIMa Kx D}µx k v ija=a=iiI°p ^ a | b | pta v i
^ ka_k¨b»a\ | lb |  È la= } a x 1p ^ aqijpjkpta_ k vj| k ¬s a=i A |   aIpwk x lp  aIp6 k  lsa=i6k v a_i |  ^ p  r }?^ ksMa=°
p ^ a»i ^sxs}?Ì b x a=ik | pjp  a1 x ±qG±²k v Fk¾aIpi vj|  xz  p ^ a1ib£k Ox Ma v i ^sxnx pji=°¡ita=aÆp ^ a ^xMvj|=x Gpjk 
} lsp xz J k }?^ nlb ¬ a vq|  H;| Z­²c  ­
]_^ a»k y©xM| Gpeijpjkpta¿i x lsp |x  | ieb xMv a { a v pl v¬ a\ ¬ rQp ^| i }?^sx|~} aM°¡i |  } a¿¹Gl¡ki | É }µx itpkGp² k  lsa=i
i ^sx ±  k v a v  |§¦ a v a= } a=i=°¡ijaIa¨p ^ a ^sxMvj|=x Gpjk } lsp x  ija }µx  }µx b {Zx sa\Gp |  H;| Z­_cc­
© H;| Z­c  °D±a {¡v a\ita\Mp1p ^ a ? k _| b { k } p x | b | pta v i x ³p ^ aQ v kM | a=Gp }Ix b {Zx sa\MpiI­E@$a
xG¬ ija v a¿p ^ kzp¥p ^ a£ xG¬ k ;¬ a ^ k |xGve| i¥ijb xnx p ^ a=sa\­Æ¢²p¨ |~v a } p©Éºijpjkzpja»i ^sxs}?Ì <Lk ¬ i }I| iijk(sa=k v cM­, > °





Solution without TVD limiter






Solution with TVD limiter
H;| Ml v a·c  A ËGpjkptaBi xM lsp |x ° ^sxGvt|Ix Gpjk ¥} lsp xz  p ^ a J k }?^ nlb ¬ a v °q± | p ^ k± | p ^x lsp ]   ¤
| b | pta v i=<jc    Éº x sa¨b1a=i ^>
± ^ a v a¸±wa ^ ka¸kUi xMv p xz  i ^sxs}?ÌU ªxMv p ^ a	kM y©x| Gp¿itpkzptaM° | b | pja v i } k vjv r$kMk | Bi x b»aoib xnx p ^| s
b xGv a£ | ´ } l  p¥p xF| Gpta vj{¡v a=pta­¸«¥¾p ^ a x p ^ a v¨v aI |x ¡iI° k  lsa\i¥k v a£l }?^ ksMa=U± ^| a£p ^ a¸k y©x| Mp
i ^sx ±qi£ |¦ a v a\Gp ¬ lsp }µx ¡itpkGp» k  lsa\iI­ ]_^s| i } kM ¬ a,aµm {s k | sa= ¬ r p ^ a | M x a\b»a\Gp x  i { k } a
a vj|  kzp | Ma=i | ¾p ^ a» v k | a=Gp  ªxGv b»l  kp |x i=°9i x p ^ kpb1a=kMU k vj| kp |x i xz  ijpjkpta»kMUkM y©x| Gp ^ kMa
 x£}Ix ija=¹nlsa\ } a x 	p ^ aW v k | a=Gp=­
   0+76 0T4#890C+
« { p | b1k  sa\i | MBpja }?^  | ¹nlsa=i»k v a ¬ a |  v a\saI±a= ¬ r k y©xM| GpÆb1aIp ^sx i=­ © p ^ a {v a=ija=Gp v a {ZxMv pI°
±a {vjxM{Zx ija x l v k y©x| MptÉ ¬ kija=$ v k | a=Gp  ªxMv kQpºr {s|~} k xM{ p | b£k  sa=i | G {¡vtxG¬s a\bQ­ H¡xMv p ^s| iI°O±wa
a=i }Ivj|¬ aWk»pº± x Éºijpta { ijp v kzpta=r  ªxGv p ^ a¿k {{s|} kzp |x  xz 6v aIa v ijab x sa¿kMlsp x b1kp |~}  |§¦ a v a=Gp | kp |x ­
H;|~v ijpI°s±a¨aµm {s k |  ^sx ± p x sa vj| aWk	aµmk } p²kM y©x| Gp©É ¬ kija=	 v k | a=Gp± | p ^sx lpaIm {s|~}µ| pqijp xMv kzMa
x  p ^ a_Mk }IxM¬s| k­ ]_^s| i;b»a=p ^sx  | i6kMk { pta=Æp xW}µx b {s aImÆitrsijpta\b1i;kMiOp ^sx ija²k vj| i |  |  }Ix b {v a=ii |~¬s a
 H;¤ °  ªxGv ± ^|}?^ aImsk } p y k }µxG¬s| k,b£kzp vt|~} a\iek v a v k v a  r(ijp xGv a\°Zi |  } aÆp ^ aIrF± x l  Fpjk Ì a»p xnx bÆl }?^
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Solution with TVD limiter






Solution without TVD limiter
H;| Ml v aqcMcZA¢e y©x| Mp;ijpjkzpjawi x lsp |x ° ^xMvj|=x Gpjk M} lp xz  p ^ awija }Ix  }µx b {Zx sa\GpI°± | p ^ < x ±a vO} l v a >
kM(± | p ^sx lsp ]   ¤ | b | pta v i=<jc    Éº x sa¨b»a\i ^;>
b1a\b xGv r i { k } a­ ]_^ a {¡vtxG{¡x ita\¯b»a=p ^sx ³ x a=i1 x p£lija(kUp v kMi {¡x ita\·k }µxM¬| kM° ¬ lsp x   r¯p ^ a
kM y©x| Gp_itrsijpta=b v a\i | lk  ­
ËGa }µx °n±waeaµm {s k |  ^sx ±p x»xM¬ pk | £p ^ a¨k y©x| Mp v a\i | lk Zvjx lsp | a ¬ r1l¡i | sÆp ^ a v a=a v ijaqb x sa
x  ¢elsp x b£kzp |}¾¤|¦ a v a\Gp | kzp |x ­ © p ^ a } kija xz  ijpta\ksritrsijpta\b1i |~Ì a¾p ^sx ita¾l¡ita\ |  }Ix b {s aµm
 x Gp | Gl¡lb J a }?^ kM |} iI°;i x b1aob£knlk {v aµÉkM {¡x itptÉ {¡vtxs} a\iji | sUk v aoitp | a } a\ijik v r° ¬ a } kMlita
aIm | ijp | sF |§¦ a v a=Gp | kp |x $p xnx iW x  x p¨pjk Ì a¸kkMGpjkzMa x  p ^ a   k } p¨p ^ kzp | pta v kzp |x i | Bkiija=b ¬ r
xnxM{ iwk v a | sa { a\sa=Gp=­1@$a¥sa=i }Ivj|¬ aep ^ a }µx b {s aIpja {vjxs} a\iji  a\k | sÆp x p ^ a¥kMijija=b ¬s r x  p ^ a¨knÉ
y©xM| Gp v a=i | l¡k  °k1p x p ^ aqkiija=b ¬ r x  k sx p ^ a v sa vj|  kp | a=i6aIa=a=»p x¿}µx b { lsp | s¨p ^ a_ v k | a=GpI­
]_^ a v a\ijl  p | s¾ |§¦ a v a=Gp | kzpja=¯i xz  pº±²k v aoi ^x ±qiWijkp | i   r | s { a vt ªxMv b1kM } a\iI­d@Ba	 k | ¡kzpta\ p ^ a
k }I} l v k } r x  p ^ aW v k | a=Gp ¬ r }µx b { k vj| i x 	± | p ^  |  | sa=F |¦ a v a\ } a\iI­
© x l v itp v kptaIMr°K¢lsp x b£kzp |~}1¤|¦ a v a=Gp | kzp |x  | iWk {¡{s| a= x   r¾p x p ^ a vtx lsp | sa=i¨sa\k | Q± | p ^
a\¹nlkzp |x iqk¡   l } p |x k  kiija=b ¬ rQk,sa=a v p x i xM lsp |x ,k   xGvt| p ^ b£i=­ ]_^| ib»a\kiep ^ kpsa=±
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Gradient with TVD limiter
Gradient without TVD limiter
H;| Ml v a£c  A  v k | a\Mp=°s± | p ^ kQ± | p ^sx lsp ]   ¤| b | pta v iB<tc    Éº x sab1a=i ^>
HZxMv i x lsp |x FkM y©x| Gpqitrsijpta=bQ°Z±waWp ^s|  Ì p ^ kzp ¬ aIpjpta v k   xGvt| p ^ b£i } k ¬ a | b£kz | sa\  ªxMvqv a {s k }I| 
p ^ a v kp ^ a v¥v lijp |~} k O¤ a   a } p  xMvv a } p |x ­ ]_^ aIr }Ix l   ¬ a  ªxMv aµmkb {s a»¹nlkMi | É ÊeaI±_p x  x sa\iI°k¡
± x l   |  { k v p |} l  k v k x ±aµ´ }µ| a=Gp_ x b1k | Qsa }µx b {Zx i | p |x 	aImspta=¡i |x i=­
HZxMv i xM lsp |x ·k   xGvt| p ^ b1i»k {{ r | sUp x p ^ aQ± ^sxM a xM{ p | b£k | pºrBijrsitpja=bQ°6±waQk v aop ^|  ÌG| s xz  pº± x
| Gpta v a\itp | s¸ |~v a } p |x i=­w«¥sa | iqp ^ a¿kMk { pkzp |x  x  Ë  uxG{ p | b | kzp |x Fk   xMvj| p ^ b£iwp x¸ k v MaWi } k  a
 H;¤ ijrnijpta\b£iI­ ]_^ a x p ^ a ve| iep ^ a»k {{s|} kzp |x  xz  i | b»l  pjka=k x li xGvqx saµÉºi ^x p | pta v kp |x i  ªxMv p ^ a
xG{ p | b£k | pºr(itrsijpta=bQ­
© ¬¡x p ^	} kija°G±wa¥saIa\op ^ a¥kM y©x| Gp v a=i | ¡lk  °Mp ^ kzpw± |¬ a }µx b { lspta\ | op ^ a±²kr {¡vtxG{¡x ita\ ^ a v a­
8  (' & ;  @7?A= ?A9<? &)" 
]_^s| i_± xMvÌ ±kMi { k v p  r	il {{ZxMv pta\ ¬ rop ^ a : ®¢ea vjx i ^ k { a {¡vtxy a } p=­
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g cTjW¶a\lnm < H ­ > ­ /Ë ^ k { a xG{ p | b | kzp |x  xz  k : l  a vÈ¡x ± | BkF x=I a­ |   L R"U L   
WDRTM	VO   	 QlWGR 	O 	"U?° x ­h hs° u a vt| klnm R O : i=° : ®fq« u] É¨¢ : l vjxM{ a=kM
© | p | kp | a x B« { p | bÆlb ¤ a=i | G J a=p ^sx i | ¾¢qa vtx srskMb |} iI° {{ ­;cMcYhÉ c=¡c°   | aI±aI¡°
¶ v kl¡it±a | X@ | a=i ¬ kMsa=°Kc 
g  j  |¦ < : ­ > k Ë ^ a= x r < ¢¿­ > «¥*p ^ a xM{ p | b£k | pºr³ijrsitpja=b  ªxGv p ^ a·cµÉ ¤ : l  a v£È¡x ±
{vtxG¬s a=b   	O  	RTM 	

     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¡°ita { pta\b ¬ a v zÉº°s¶²a  aIslsaM°	@¾¢¿°c M
g Pj ¤ a\i | sa vj| < ¡­ Éº¢¿­ > kMGka=b Ì a v < u ­ @ ­ > ­   x Ga v Ma= } aqkk  rsi | i xz K| pta v kp | a | b {s|}I| p
k»sa   a } p©É }µxGvjv a } p |x Wk   xMvj| p ^ b£i  ªxGv^ r { a v¬¡xM|~}{vjxM¬ a\b1i=° (! 	 	   LW   !  °? ? É cc ?°c   h
g Zj HZv k } a=i } kzpjp x < ­ > kM ¤ a v  | a\lnm <L¢¿­ > ­  ¢ija=b | É }Ix k v ija= | soijp v kzpta=r  ªxMv lijp v l } É
pjl v a= b»l  p |  vj|  ¬ kija= x  kz x b1a v kzp |x °    R9M O 	 LO  L	M O%K9LM  	WGR9M	VO
! R  (LYQiU(	     	 QU?° xM ­  °c   ?¡° {{ ­     hs­
g hj   vt| aI±²k Ì <L¢¿­ > ­  :  k  lkp | s ¤ a vt|  kzp | a\i uwvj|  }µ|~{s a\i_k ] a }?^  | ¹nlsa\i xz  ¢   xGvt| p ^ É
b |~}¨¤¥|§¦ a v a=Gp | kzp |x ­  ML	 RTMVU 	        	 RVQ ! O (RTWDO	9U¥c °ZË ©¢ J ° 
g Pj kki }µx a=p < w­ > ° H;| k x  k < Ë­ > k ka   < ­ > ­   ºpta v kp |x nÉ
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